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Abstract. We classify the connected Lie subgroups of 5^(2, R) whose ele- 
ments have the triangular form 1 11. 21 1. The classification is up to conjugation 
within the symplectic group Sp(2,R). Their study is motivated by the need 
of a unified approach to continuous 2D signal analyses, as those provided by 
wavelets and shear lets. 



1. Introduction 

The continuous wavelet transform [SI [TUl HB HO] and its many variants, such as, 
for example, the shearlet transform [H O [131 [TB] , lie in the background of a growing 
body of techniques, that may be collectively referred to as signal analysis, whose 
common feature is perhaps the decomposition of functions, primarily in L^(R'^), by 
means of superpositions of projections along selected "directions" . Symmetry and 
finite dimensional geometry often play a prominent role in the way in which these 
directions are generated or selected, and hence, with this notion of signal analysis, 
topological transformation groups and their representations provide a natural setup. 
In particular, the restriction of the mctaplcctic representation of Sp{d, R) to its Lie 
subgroups produces a wealth of useful reproducing formulae [HO, all based on 
linear geometric actions either in the time or in the frequency domain, and is thus 
one of the most natural environments both for a unified approach and for the search 
of new strategies. In fact, the deep connections of the metaplectic representation 
with harmonic analysis in phase space is thoroughly investigated [HI [12] , and one 
of the keys to its understanding is the Wigner transform. 

The central importance of the symplectic group has motivated both a general 
theory of "mock" metaplectic representations (and the abstract harmonic analysis 
thereof [7]), and a more applications-oriented approach, where the main focus is 
the actual study of these formulae in connection with the classical themes of signal 
analysis [11]. In this work, that consists of two parts, wc introduce the class £ of 
Lie subgroups of Sp{d, M) that wc believe is the "right" class for signal analysis and 
wc illustrate its relevance in 2_D-analysis by exhibiting the full list of reproducing 
formulae that it yields, up to the appropriate notion of equivalence. In some sense, 
therefore, we obtain a complete picture, at least as far as continuous "geometric" 
transforms are concerned, of reasonable 2D signal analyses. In the first part (this 
paper) we classify the groups, modulo conjugation within Sp{2,M.). In part II we 
address the analytic issues: by appealing to the theory developed in [7j we are 
able to show exactly which groups are reproducing and which are not. The full 
description of the associated admissible vectors is also achieved. In part II, we 
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also introduce a rather subtle notion of analytic equivalence, that we call orbit 
equivalence. 

We say that a Lie subgroup G of Sp{d, M) is a reproducing group if there exists 
ry G L^(R'*), to be called an admissible vector, such that the reproducing formula 

(1-1) / = / {f^l^gV)lJ-gVdg, 

Jg 

holds (weakly) for every / S L^(]R''), where is a left Haar measure of G and is 
the metaplectic representation restricted to G. For simplicity, we actually restrict 
ourselves to connected subgroups. As pointed out in previous work [HISIEI, many 
known continuous formulae (notably those associated to wavelets, shearlets and 
some of their variants) arise in this way, or are at least equivalent to them via 
natural intertwining operators such as the Fourier transform, perhaps combined 
with geometric (afSne) transformations of phase space. But much more is true. All 
the reproducinggroups that we are aware of, share a structural feature: they are 
block triangulaij^ semidirect products of a particular type. Written as dx d blocks, 
their elements have the form 

' h 
ah 



(1.2) g{a,h) 



where a ranges in a non trivial vector space S of symmetric d x d matrices (the 
vector components) and h ranges, independently of cr, in a non trivial connected 
Lie subgroup H of GL(d,M.) (the homogeneous component), that acts on S via 

h^a] = ^h-^ah-\ 

From the point of view of analysis, one should think of E as encoding translations 
and H as the group of geometric "deformations" such as, for example, shearings or 
possibly anisotropic dilations, or combinations of both. Thus, a group in the class 
£ is, by definition, a connected semidirect product G = "S x H . All these groups lie 
inside the standard maximal parabolic subgroup Q of Sp{d,S.) described in p.2p . 
but, in general, they are not parabolic, nor do they fill up the class of connected 
Lie subgroups of Q, as we show below. Hence, this is a non trivial class and we 
actually conjecture that if G is a connected reproducing subgroup of Sp{d, R), then, 
modulo extensions by compact factors, G is conjugate within Sp{d, R) to a closed 
subgroup of Q; for any such group G, in turn, there exists a naturally associated 
group in the class £ that is reproducing if and only if G is such (see part two). 

In the two papers, of which this is the first, we accomplish one of the main 
objectives of our research project, namely the classification, for d = 2, of all the 
reproducing groups in £, together with the relevant analytic information. The 
classification we arc after, of course, must be done modulo some reasonable and 
pertinent notion of equivalence. This is a rather delicate issue, as wc now illustrate, 
and is one of the central points of our work. The most natural notion of equivalence 
is algebraic. In Lie theoretic terms, it is just conjugation modulo MA, where MAN 
is the Langlands decomposition of Q. The matrices in MA are the block diagonal 
elements in Q and conjugation by them preserves the class £. As explained in 
Proposition l3.41 every y G MA sends any G G £ into yGy~^ G £ and actually maps 
vector components into vector components (i.e. E to E', because MA normalizes 



"'^By conjugating with a suitable permutation one can either adopt the lower or upper triangular 
shape, as desired. 
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N) and homogeneous components into homogeneous components (i.e. H to H', 
because MA normaHzes itself). No other symplectic matrix has this property on 
all of £. Furthermore, this equivalence yields the equivalence of the restrictions of 
the metaplectic representation, groups in the same equivalence class arc either all 
reproducing or none of them is. and the sets of admissible vectors in a reproducing 
class are in one-to-one correspondence via the unitary equivalences induced by 

Another natural equivalence is conjugation by any element in Sp{d, M). It is very 
important because, although not adapted to any conjugation induces equivalence 
of the restrictions of the metaplectic representation, and transfers the reproducing 
property, with admissible vectors that correspond to eachother via natural unitary 
equivalence. In Section lB^ we analyze in full detail this general conjugation problem 
and we finally prove the classiciation below; for notation see Section |4l 

Theorem 1.1. The following is a complete list, up to Sp{2,W)-conjugation, of the 
groups in £2 with 1 < dim S < 2 . 
Two dimensional groups: 

(2.1) Si X Hc,{cri), a e [0,+cx)] 

(2.2) E2 X H^{a2), a G [0,+oo] 

(2.3) S3 >^ i^o(^3) 

(2.4) S3 xi^i(^3) 

(2.5) S3 X H^fi{<J^), a€ [-1,0] 

Three dimensional groups: 

(3.1) Si X H^{cTi) 

(3.2) S2 X i/0((72) 

(3.3) S3 X K^{a^) 

(3.4) S3 X K^ias) 

(3.5) S3 X L^{a3), 7e K 

(3.6) S]L X Ha{ai), a e [0,+co] 

(3.7) S^ X H^{a2), ae [0,+oo] 

(3.8) S^ X *ifo(a3) 

(3.9) S^ X *ffi(a3) 

Four dimensional groups: 

(4.1) S3 X 1/0(^3) 

(4.2) S^ X H°iai) 

(4.3) S^ X H°{a2) 

Five dimensional groups: 
(5.1) Sa^ X *iJ°(a3). 



(4.4) X *L^(a3), 7e [-1,0] 



2. The parabolic group Q and its subgroups 
We fix the size d where the L^-signals live. The symplectic group is 
Sp{d,R) = {g e GL{2d,m.) ; 'gjg = J}, 
where J ~ [ ] is the standard symplectic form. Its Lie algebra is evidently 
sp(d,M) = {5 e g[(2d,M) : ^gJ+Jg = Q], 
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and its elements are of the form 
(2.1) X 



A B 

C -'A 



h e GL{d,R), a e Sym(d,] 



where A is an arbitrary d x d matrix and B,C G Sym(d, R), the vector space of 
dx d real symmetric matrices. The standard maximal parabolic subgroup Q of the 
symplectic group that we are interested in is the closed Lie group 

whose Lie algebra is: 
(2.3) q = 

The Langlands decomposition 
M 



A 



A e fl[(d,M), <T e Sym(d,] 
Q = MAN is easily checked to be 
det h = ±l 



h 




A 

N : 





Id 0' 

Id 







A > 



cr G Sym(d, 



We call MA ~ GL((i, M) the homogeneous component and A'' ~ Sym(d, R) the 
vector component. As is well-known, MA normalizes TV, so that Q is the scmidircct 
product of MA and the abelian normal factor A'', namely 

(2.4) Q = Sym(d, M) >^ GL(d, K), q = Sym(d, M) x 0[(d, M). 

To see this explicitly, notice that each element of Q is the product 



(2.5) 



.g(cr, h) 



'Id 0' 




'h 


0' 




■ h 0" 


Id 












ah 



where a € Sym(d, M) and h e GL{d,M) and each such product is automatically 
symplectic. The above factorization is formally 

(2.6) g{a,h)^g{a,ld)g{0.h). 
Now, the product of two matrices in Q is 

g(a,%(a',/.')= [(^^/ft[^,j)/^/^, (M')«J di^ + ^^i^^^^^')^ 

where 

(2.7) h^[a] ^ %-^ah-^. 
Thus, the group law is given by 

(2.8) g{a,h)g{a',h')^g{a + h^[a'],hh'), 
the identity is l2d = giOiId) and inverses are given by 

(2.9) g{a, h)-' = gh'hah, h'^) = g{-{h-^)\alh-^). 
Notice that 

t : GL(d,R) X Sym(d,R) ^ Sym(d,R), ^(h, cr) = ht[cr] 
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is actually a group action and cr n- /it [^j] jg ^ group automorphism of N. More 
generally, if we take a Lie subgroup H of GL{d, R) and an additive Lie subgroup S 
of Sym(d, R) in such a way that H leaves S invariant under the action (|2.7p . then 
we obtain the semidirect product ><i H, which is a Lie subgroup of Q. Clearly, in 
any such group, formulae (|2.8p and (j2.9p still hold true. If we fix E as above, then 
there is a largest group normalizing it, namely 

(2.10) H{J:) = {h€ GL{d,R) : h^[a] e S, for all cr e E} . 

Observe that S xi 7J is connected if and only if both E and H are connected, 
and, if E is connected, then it is a subspace of Sym(d,R). 

We now characterize the Lie subgroups of Q. If G is such a group, we denote by 
TT : Q — > GL{d,M.) the smooth group homomorphism g((T, h) i~> h. 

Proposition 2.1. Take G be a Lie subgroup of Q and define 

(2.11) H = 7r(G) E = {cr e Sym(d, M) : g(cr. Id) G G}. 

T/ien H is a Lie subgroup of GL{d,S.) , E is a Lie subgroup o/Sym(d, R) which is 
invariant with respect to the action of H , a i— > /it[cr] and there exists a measurable 
map T : H ^ Sym(d, M) that satisfies 

T{Id) - 

(2.12) T{h)+h'^[T{h')]-T{hh')C,Y. 

for every h, h' G H . The triple (E, H, r) identifies the group, in the sense that 

(2.13) G^{g{(j + T{h),h):(j<aT.,h<aH}. 

Conversely, if (E,i7, r) is any such triple, then G as in (|2.13l) is a Lie subgroup of 
Q satisfying p.ll|) . 

Proof. The first part is essentially known, see [5], Proposition 1.11.8. We sketch 
the main steps. Take a Lie subgroup G of Q. A standard result on Lie groups, see 
e. g. Theorem 2.7.3 in [21], ensures that H := 7r(G) is a Lie subgroup of GL{d,M.). 
Since ker(7r) is closed in G, hence a Lie subgroup of Q, the set 

E = {cr e Sym(d,R) : g(cr,e) £ G} ~ ker(7r) 

is a Lie subgroup of Sym(d,K), and is contained in -ff(E) (recall (|2.10p ) because 
ker(7r) is normal in G. The quotient Lie group H = G/ker(7r) admits a global 
measurable section s . H ^ G that maps Id to g{Q,Id) (see [18] or [22]). Since 
G d Q, we may write s{h) = g{T{h), h). Therefore, if g S G, then we may write 
g = g{(7 + T{h),K), where h = 'K{g) and cr S E. Since G is a group, the product 
((Zl)) shows that 

(2.14) cr + + [r{h) + /it[r(/i')] - r(/i/i')) e E 

so that r(/i) + /it[r(/i')] - t(/i/i') G E. 

Conversely, fix a triple (E, H, r) as in the statement. We prove that there exists 
a Lie subgroup G of Q such that (|2.1ip holds. Define G as in (|2.13p . a subgroup of 
Sp{d,M) because 

g{a+T{h),K)g{a' +T{h'),h') = g{a+h^[a'] + {T{h) + h^[T{h')] - T{hh'))+T{hh'), hh') 
and by the assumptions 

a + h^[a'] + {r{h) + h1[T{h')] - T{hh')) e E. 
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A similar argument applies to inverses. In order to prove that G is a Lie subgroup, 
we follow this strategy: first we show that G is a standard Borel groujH with an 
invariant cr-finite measure. As a consequence of a theorem of Mackey's, we will be 
able to endow G with the Weil topology, so that G becomes a locally compact second 
countable group. Finally, applying a classical result on Lie groups we see that G 
admits a unique smooth structure converting it into a Lie subgroup of Sp{d,R). 

Wc claim that G is a Borel subset of Sp{d,M.). Since S and H arc Lie groups, 
they are standard Borel spaces with respect to the corresponding Borel cr-algebras 
and B{H). Hence the product S x is a standard Borel space with respect 
to BCE)(g)B{H) and the injection ^ : S x i7 ^ Sp{d,M.), ^(ct,/i) = g{a + T{h),h), is 
a Borel measurable map. Since ^ is a one-to-one map from a standard Borel space 
into another standard Borel space, its range G is a Borel subset of Sp{d, M) and 
^ is a Borel isomorphism from S x onto G, the latter being endowed with the 
restriction of B{Sp{d, R)). 

We choose (left) Haar measures da and dh on E and H , respectively. For any 
fixed h ^ H, the map cr n- h^'la] is a group homomorphism of S onto itself, so that 
the image measure of da under is again a Haar measure. Hence there exists a 
unique a{h) > such that for all positive Borel measurable functions on S 

ip{li^[a])da = a{h) / ip{a)da. 

Since h j^(f{h'^[a])da is Borel measurable, so is ft. i— > a{h). Furthermore, the 
uniqueness of a{h) implies that h i— > a{h) is a group homomorphism of H , that is, 
a is a continuous positive character of H . Write dg as the image measure of the 
measure a ■ da ® dh under ^. We claim that dg is a G-invariant (T-finitc measure 
on G. Since both E and H are cr-compact and a is continuous, then a ■ da ® dh is 
(T-finitc as well as dg. Moreover, for any positive Borel measurable function on 
G and go = ^(o'o + T{ho), ho) e G 

ip{gog)dg =^ / ip{g{aQ + hl[a] + T{hQ) + hl[T{h)], hoh))a{h)da dh 

G JT,xH 

Lp{g{ao + a' + t(/io) + hl[T{h)], hoh))a{hoh)da' dh 
ip{g{a" + T{hQh), hoh))a{hoh)da" dh 



H JS 

ip{g{a" + T{h'),h'))a{h)da" dh' ^ [ ip{g)dg, 
s Jh Jg 

where the equality in the second line is due to Fubini's theorem, the change of 

variable ftj[cr] = a' and the fact that a is a character; the equality in the third 

line is a consequence of the fact that da is the Haar measure on E; finally, the 

fourth line follows by Fubini's theorem, the change of variable h' = hgh and the 

_ff-invariancc of dh. 

Next wc apply the theorem of Mackey's, see for example Theorem 8.41 of [52], 
that states that there exists exactly one topology on G which converts it into a 
locally compact second countable space whose Borel structure is the original one. 
From now on, we regard G as endowed with this topology. 



^For notation and basic results on these issues, see |22| . Chapter VIII. 
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Clearly, the inclusion i of G into Sp{d, M) is a Borel measurable group liomomor- 
phism. Hence i is continuous, (see Lemma 8.28 of [22l)- Finally, by Proposition 1 
Ch. IV §. XIV in [T], there exists exactly one C°°-structure on G which converts it 
into a Lie group and Proposition 1 Ch. IV §. XII in [1] implies that the inclusion 
is a C°°-map. Hence, G is a Lie subgroup of Sp{d,M.). □ 

Remark 2.1. The correspondence between the triples {Yi,H,t) and the Lie sub- 
groups G of Q is not one-to-one. Indeed, two different maps r and t' define the 
same group G if and only if r'(/i) — t(/i) € S for &\\h <E H and, if this happens, we 
say that r and r' are equivalent. From now on we thus parametrize the Lie sub- 
groups of Q writing G = {11,H,t), with the understanding that r is only defined 
up to equivalence. 

Remark 2.2. One could go about the proof of Proposition 12.11 in a different way, 
using the standard result according to which, under the foregoing assumptions, 
there exists a locally defined smooth section, hence one could assume r to be smooth 
around the identity, and then use this to define a smooth atlas on G via translations. 

Remark 2.3. The problem of characterizing the Lie subgroups of Q can be stated 
in a slightly different form, in the framework of Lie group extensions |14| . Since Q 
is the semi-direct product of Sym(d,R) and GL(d, M), Q is a (Lie group) extension 
of Sym(d, K) by GL{d, M). In the language of group extensions, iq : Sym(d, R) — > Q 
(the canonical injection) and ttq : Q — > GL{d,M.) (the canonical surjection) give rise 
to a short exact sequence, that is io(Sym(d, M)) = kerTTQ. 

Proposition 12.11 shows that any Lie subgroup G of Q is a Lie group extension 
of E = kerTT (a Lie subgroup of Sym(d,M)) by iJ = t^{G) (a Lie subgroup of 
GL{d,R)). Furthermore, the canonical inclusion j is a group homomorphism of G 
into Q compatible with iq and ttq, in the sense that the diagram 

E — ^ G — ^ H 

3 

Sym(d,M) > Q ) GL{d,R) 

commutes, where the vertical arrows are the natural inclusions. The factor sets 
corresponding to the extension G are: the map 

(/l, h') ^ T(h) + K^[T{h')] - T{hh') 

from H X H into E and the map h n- h^-] from H into the group automorphisms 
of E. Conversely, for any pair {G,j) where G is a Lie group extension of a Lie 
subgroup of Sym(d, M) by a Lie subgroup of GL{d,M.) and where j : G — >■ Q is a 
group homomorphism compatible with both iq and ttq, j{G) turns out to be a Lie 
subgroup of Q. 

For any fixed E and H, the maps r satisfying (|2.12p characterize all the extensions 
G of E by for which there is a group homomorphism compatibile with iq and ttq. 

Remark 2.4. Several special instances of (|2.12p are of interest. The easiest is when 
T is (equivalent to) zero, a case that plays a prominent role in our paper. When 
this happens, G becomes the semi-direct product E xi _ff , because (|2.14p reduces 
to (T + h^<7']. The family of sub groups of Q for which r = and both factors are 
connected and not trivial , will be denoted by £. We shall formalize this below (see 
Definition 1X21) . 
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Remark 2.5. The next simpler case is perhaps when t(/i) = tq — /i^[to] for some 
To e Sym(d, M). The class of maps t of this kind will be denoted by T. This 
happens if and only if wc conjugate a group S x: iJ by means of .g(To, Id)'. 

9{to, Id)g{(J, h)g{To, Idy^ = g{(T + To - h''[To],h). 

We shall often identify the functions r e T with the symmetric matrices that 
uniquely determine them. For example, we can take 



0- 



H = 



V e 



thereby obtaining T, » H , consisting of the symplectic matrices 

"l 





-y 
1 



If we conjugate S x _ff with g{To,Id), where tq is the symmetric matrix 

"1 



we obtain 



G 



To 







1 








y 


1 







y 


1 


2y 











-1 






-y 



x,y G 



a subgroup of Q of the form (S, H, r) for which r is not equivalent to zero. 

Remark 2.6. A slightly more general class of groups G — (S],iJ, r), that includes 
the previous one, corresponds to maps r that satisfy 

T{h) + h^T{h')] -T{hh') =0. 

Then Hr = {g{T{h),h) G G : h E H} is a Lie subgroup of Q. Using the same 
arguments as those in the proof of Theorem 12.11 one sees that r is a C°° map 
from H into Sym(d, M). Furthermore, G is the semi-direct product of S and Hr, 
and is isomorphic (as Lie group) to S x via the mapping T, x H ^ G given by 
(cr, /i) I— >■ (ct + t(/i), h). For example, take 



Here 



h = 



G 



' e* 














e-* 








se* 


-te-* 


e-* 





-te* 








e* 



t,s e 









-t 



-t 





It is easily checked that t is not of the form T{h) 

TO, but Tih) + h^T{h')] - T{hh') 0. 



r{h) = 

— To — [tq] for any symmetric 



Remark 2.7. If G = (E, H, r) is connected, then so is H , but E may well be 
disconnected. The statement concerning H is clear, since tt is continuous. Consider 

Re 



9Rg Re 
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where Re is the clockwise rotation matrix as in p.3|) below. Clearly G is connected, 
but ()2.11|) tells us that S = 2ttZ, and is therefore not connected. 

Finally, take t : H ^ Syni(2,R) such that G = {Y.,H,t). We show that it is 
not possible to choose r is such a way that T{h) + h'^[T{h')] — T{hh') = for all 
h,h' e H. Assuming the converse, then h g(T{h),h) is an injective measurable 
(hence smooth) group homomorphism of the compact group H into G. However, 
G is isomorphic to M, so that it does not have compact subgroups other than {0}. 

3. Classification of £2 

In part II of this paper we shall prove the following result, which illustrates our 
interest in the case when r = (see Definition 13.21 below) . 

Proposition 3.1. If G ^ {'S,H,t) is a subgroup of Q, then also Gq = (E,ff, 0) is 
such. Furthermore, G is reproducing if and only if Gq is reproducing and they both 
have the same set of admissible vectors. 

By Proposition l3.1i the study of reproducing formulae for subgroups of Q reduces 
to subgroups for which t ~ 0. Two critical and somehow opposite situations may 
still occur, namely when either S = or when H = 0. In the latter case, the group 
(S, {0},0) cannot possibly be reproducing because it is abelian, hence unimodu- 
lar (see [?])■ In the former case, the semi-direct product structure of ({0},-ff, 0) 
disappears and our results are not applicable. In fact, this case falls in the wider 
scope of generalized wavelet theory (see e.g. [17]). Other possible complications 
involve connectedness issues. Thus, for simplicity we restrict ourselves to connected 
groups. 

Definition 3.2. We denote by £ the collection of all connected subgroups of Q 
associated to triples of the form (E,iJ, 0) with dimE > and dim_ff > 0. Thus a 
group in f is a semidirect product E x where both S and H arc connected and, 
in particular, E is a vector space. When necessary, we write £d to specify the size. 

The most natural equivalence relation in £ is induced by conjugation modulo 
MA, because it sends £ to itself. We thus start by deriving a full description of 
the set of equivalence classes modulo MA. Different equivalence classes, however, 
might still yield the same signal analysis, and in some instances this is indeed the 
case. This is due to two possible phenomena. The first is again algebraic, and is 
conjugation modulo some other w G Sp{d, M) (as we shall see, typically a Weyl 
group element). In general such conjugations do not preserve £ but groups in 
different classes modulo MA can be equivalent modulo w. The second is analytic 
and subtler, and will be discussed in part II of this work. 

3.1. Classification modulo MA of £2- A first useful general reduction of the 
problem comes from analysis: it is shown in [7] that if E x 7? € £ is reproducing, 
then n := dimE < d. We therefore assume 1 < n < d. The second reduction is 
given by a suitable notion of "duality" that is induced by the orthogonality within 
Sym(d, M) relative to the usual inner product (cr, r) = tr(crr). For any subset E of 
Sym(c?) we write 

E-L = {r e Sym(d) : (cr, r) = for ah a £ E}. 
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As seen below in Proposition 13.31 the natural companion notion for the homoge- 
neous factor H is transposition. Hence for any subgroup H of Gi((i, K), we write 

*H = {%:he H}. 

Proposition 3.3. The following are equivalent: 

(i) S X e £; 

(ii) X 'iJ e £. 

Proof. If (T e S, r e S-*- and h e H, then 

((*/i)t[r],a) = tr(/i-iT*/i-V) = tr(T*/i^ V/i-i) = {T,K^[a]). 
Therefore h^[Y] = E if and only if = S^. □ 

The next proposition shows that conjugation via g{0, h) g MA maps £ into 
itself and, more precisely, that it preserves both the homogeneous and the normal 
factors. It also records that it preserves the subclass of reproducing groups. We 
use the notation ig for conjugation by g within any group Q, that is 

igX = gxg^^, g,x&Q. 

Proposition 3.4. Take S x i? e 5 and h e GL{d,R). Then ig(o,h){T, x F) G £. 
More precisely, if T,' xi e then the following are equivalent: 

(i) i<,(o,„)(Sxi7) = S'xH' 

(ii) = S' andih{H) = H' . 

(iii) Z,(o^;,,)(E^ x*ff)-E'^ x*H' 

(iv) (/i«)t[I]^] = (S')^ andi^tCH) = \H'). 

In this case, conjugation by g(0, h) establishes one to one correspondences between: 

• £-subgroups o/ S xi _ff and £- subgroups of Y,' x H' ; 

• reproducing £-subgroups ofExH and reproducing £ -subgroups ofT.' x H' . 

Proof. The equivalence of (i), (ii), (iii) and (iv) is a matter of writing down the 
various operations. Clearly, if Eg x Hq is a subgroup of E x 77, then ig(oji) maps 
it into the subgroup (/i'''[Eo]) x {ih{Ho)) of E' x H' , and conversely. As for the 
reproducing property, we know that any conjugate image by some g e Sp{d, M) of 
a reproducing subgroup of Sp{d,W) is reproducing (see part II). □ 

From now on d = 2. Our strategy for achieving the classification is the following: 

- We start from the case n = 1 and therefore write E = span{(T}. By Proposi- 
tion 13. 4[ we assume that a is in Sylvester canonical form (there are only three 
meaningful possibilities) and compute in each case i?(E) and its Lie algebra f)(E). 

- We classify all the Lie subalgebras of f)(E) up to conjugation by i?(E) and com- 
pute the corresponding connected Lie subgroups, thereby obtaining all the sub- 
groups in £2 with n — I. 

- We use Proposition 13.31 and describe all the subgroups in £2 with n = 2 as those 
that are dual to some G as before, with n = 1. Indeed, dimSym(2,R) = 3 and 
hence dim(span{o'}^) = 2. This completes the picture because n < d ^ 2. 
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3.2. Reduction to canonical form. Whenever a E Sym(d,M), we write 

H{a) = {he GL{d,R) : h^[a] = Xa for some A e M*} 

instead of H{span{a}), and also 

F{a) = {he GL{d,R) : h^[a] = ±a}. 

Both H{a) and F{<t) are subgroups of GL{d,R.). We make a first observation. 

Proposition 3.5. Letd=2. The map ip : x F (a) ^ H (a) defined by ip{e'^ , h) = 
/ie~*/^ is a group isomorphism. 

Proof. First of aU, if {e\h) e R+ x F{<t), then 

{he-'/y[a] ^e*h^[cr] = ±eV 

and hence /ie~*/^ G H{a). Clearly, is a group homomorphism. If /ie~*/^ = Id, 
then e*'^'^Id = h & F{a) and it follows that eV = ±a. Therefore t = and h = Id. 
Hence (p is injective. Finally, take h € II{a). Then /i^[(t] = Xa for some A € M*. 
Upon writing A = sign(A)|A| ee'', with e = ±1, we get 

{e''''h)^[a]^e-'h^[a]^e<7, 

so that e*/'^/i G F{a). But then = ip{e^ ,e'^/^h), whence surjectivity. □ 

By Sylvester's law of inertia, there exists g G GL{d,R) such that g^Ipqr] = o", 
where p + q + r = d and Ipqr is the canonical metric with signature {p, q, r), namely 



Ipqr 



'Ip 0" 
. 



We decompose F{Ipqr) — 0{p, q, r) U 0*{p, q, r), where 

0{p,q,r) = {g G GL{d,R) : ^glpqrg = Ipqr) 
0*{p,q,r) = {g G GL{d,R) : ^glpqr9 = ~Ipqr} 

and observe that 0*{p, q, r) is empty whenever p ^ q because ^glpqrg has signature 
(j),q,r), whereas —Ipqr has signature {q,p,r). The former is a group, the latter is 
not, and the product of two elements of 0*{p, q, r) is in 0{p, q, r). 

Corollary 3.6. H{Ipqr) = {e"/i : s G K, /i G 0{p,q,r) U 0*(j),q,r)}. 

Proof. Follows from Proposition |33] and the definitions of 0{p, q, r) and 0*{p, q, r). 

□ 



By Proposition 13.41 cr = Ipqr, and since spanjcr} = spaii{— ct}, we may assume 
p > q. In the case d ~ 2, there are exactly three interesting possibilities for 
{p, q, r), namely (2, 0, 0), (1, 1, 0) and (1, 0, 1), because the case (0, 0, 2) yields cr = 0. 
Correspondingly, we put 



(3.1) 





'l 


0' 




'1 ■ 




'l 


0" 


CTl = 





1 


, 0-2 = 


-1 
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3.3. Classification. As outlined earlier, we carry out the classification starting 
from the canonical forms p.ip . Hereafter, / denotes the identity matrix and J the 
standard symplectic form. Furthermore, we put 



(3.2) 








0' 







1" 


(74 = 





1 


= 


1 






As for rotations and boosts we put 
(3.3) Rg^cxpOJ 



cos f 
— sin ( 



smf 
cos ( 



At — exp i(T5 



cosh t sinh t 
sinli t cosh t 



Evidently, 50(2) = {Rg : 9 e [0,27r)} and SO^{l, 1) = {Af : t e R}. Occasionally, 
wc write A in place of cr2, when we want to regard it as a "rotation with negative 
determinant" , rather than a canonical representative in the space of symmetric 
matrices, as in In fact, the full orthogonal group 0(2) — 0(2, 0, 0) decomposes 

0(2) 50(2) U A • 50(2). 

Also, wc denote by T the group of lower triangular matrices in GL(2,M). Finally, 
we often write e for a number in {±1}. 

3.3.1. Signature (2,0,0) . Corollarv 13.61 gives 

H{<7i) = R+ X 0(2). 

The Lie algebra of H{<ti) is 

f)(cri) = so(2) ® M = {aJ + 131 :a,(3 e R}. 

Both H{ai) and f)(cri) are abelian direct sums. The nontrivial Lie subalgcbras of 
t)((Ti) are its one-dimensional subspaces. We put 



and, for a G 



floo(o-i) = span{J} 
f)a(o'i) = span{/ + qJ}. 



Proposition 3.7. Take ai,a2 G MU {oo}. Then f)ai(cri) is conjugate to f)Q.2(fTi) 
hy an element of H{ai) if and only if ai ~ ±a2. 

Proof. Take g £ H{ai). Since scalars commute with everything, wc can assume 
that g e 0(2) = 50(2) U A • 50(2). Observe that RgJR^e = J and AJA = - J, 
so that span{J} is fixed under conjugation by g. It follows that f)oo(o'i) is not 
conjugate to any other algebra in the class. Finally, 

Re{aJ + I)R-e (aJ + I), A Re {aJ + I) R-e A ^ A (aJ + 1) A ^ -aJ + I 
imply the result. □ 

Next, we identify the connected Lie subgroups corresponding to the various Lie 
algebras and then apply duality, in the sense of Proposition [3]3] To this end we set 

H°{ai) = 50(2) X R+ 
Hooiai) = 50(2) 

Ha{<Ti) = {e^R^t -t eM.}, ae[0,+oo). 
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These are the connected Lie subgroups of Q whose Lie algebras are ()(o'i), \)oo{(^i) 
and f)Q((Ti), respectively. Notice that 



u V 
V —u 



u,w e R}. 



Proposition 3.8. The following is a complete list, up to M A- conjugation, of the 
groups in £2 whose normal factor is equal or orthogonal to Ei ~ spanjcri}; 

(l.i) Si >^ -ff°(cri) (l.iii) >^ 

(l.ii) J^i >} Ha{ai), with a G [0, +00] (l.iv) Yi^ yi Ha{<Ji), a G [0, +00]. 

Proof. Items (l.i) and (l.ii) are clear, and arise by taking first the full two-dimensional 
algebra f)(cri) and then its one-dimensional subalgebras. Now, the groups H^{ai) 
and iJoo(o'i) arc closed under transposition, whereas *-ffa(cri) = H^a{<^i)- How- 
ever, Atpf-] = AS^A = Ej"- and kH_a{(^i)k~^ = Ha{(Ji). Hence, applying 
Proposition 13 .31 we obtain the groups in (l.iii) and (1-iv). □ 

3.3.2. Signature (1,1,0). Here the relevant group is 0(1,1) = 0(1,1,0) together 
with 

0*(1,1) = {/i e GL(2,M) : ^hh^^ih = -/i,-i}. 
By Corollarv l3.6[ we obtain 

if(<72) =M+ X (0(1,1)U0*(1,1)). 
Its Lie algebra f)(cri) can be written as 

f)(cr2) = so(l, 1) e R = {ao-s + /3/ : a, /3 e R}. 
The non trivial subalgebras are the vector subspaces of f)((T2) of dimension 1. Put 

f)oo(a-2) = span{CT5} 

and, for a G R, 

[)q(o-2) = span{/ + aa^}. 

Proposition 3.9. Take ai,a2 € MU {00}. Then i)ai{o'2) is conjugate to f)a2(cr2) 
by an element of H{a2) if and only if ai = ±a2- 

Proof. Take g G H{a2). Since scalars commute with everything, we can assume 
that g £ 0(1,1) U O* (1,1). The following relations are straightforward: 

0(1, 1) = {±At, ±AAt : t e R}, 0(1, 1)* = ■ 0(1, 1). 

Since Atcrc,A^^ = 175 and A 175 A = — CT5, the algebra f)oo(o'2) is not conjugate to 
any other one in the class. Finally, we have 

At{I + aa5)At^ = I + aa^ 
AAt{I + aa5)A^^A = A{I + aa5)A ^ I - aa^ 
cr^il + a(T5)CT5 = / + acTs, 

whence the result. □ 



14 



G. ALBERTI, L. BALLETTI, F. DE MARI, AND E. DE VITO 



Finally, it follows from expi(/ + aas) = e^Aat that the connected subgroups of 
Q whose Lie algebras are f)(o'2), f)oo(o'2) and t)a{o'2), respectively, are 

i7°((T2) = 5C'°(1,1) X M+ 

Hoo(a2) = 50"(1,1) 



Notice that 



S2^ = { 



U V 
V u 



Proposition 3.10. The following is a complete list, up to M A- conjugation, of the 
groups in £2 whose normal factor is equal or orthogonal to S2 = span{tT2}' 

(2.i) E2 X H^{(T2) (2.iii) x H°{a2) 

(2. a) S2 X Ha{(T2),with a e [0, +00] (2.iv) x Ha{(T2),with a e [0,+cx)]. 

Proof. Argue as in the proof of Proposition 13.81 but notice that this time H^{a2), 
Hoo{<^2) and Ha{a2) are all closed under transposition. □ 

3.3.3. Signature (1, 0, 1). The group 0(1, 0, 1) is easily computed to be 



0(1,0,1) = { 



±1 
b a 



a,b e 



and O*(l,0, 1) 



The Lie algebra of 0(1, 0, 1) is 



so 



(1,0,1) = { 





b a 



i,be R}. 



Clearly, the identity component 0°(1, 0, 1) is isomorphic to the "ace + 6" group. By 
Corollarv l3.6[ the symmetrizers are 



(1(^3) = { 



c 
b a 



:a,6,ceM, ac ^ O} = T, 



c 
b a 



a,b,ce M} 



that is, the group of all nonsingular lower triangular matrices and its Lie algebra. 
We choose {/,(74,i?} as a basis of f)((J3), where 



(3.4) 



(74 




1 



B 





1 



First, we analyze the one-dimensional subalgebras in ()((T3) up to conjugation by 
H{az)- To this end, parametrizing as in real projective space KP^, we put 

f)oo(o-3) = span{/} 

f)7(o-3) = span{7/ + -B}, 76 M 

(37,^(0-3) =span{7/ + /3B + 0-4}, 7, /3 G M. 

Proposition 3.11. Among the one dimensional Lie algebras listed above, the only 
conjugacies by elements in H^a^) = T are the following: 

(a) ^^{(J^) is conjugate to f)i(o'3), for every real number 7 7^ 0, 

(b) f)7,/3(o-3) is conjugate to Ij^^p^^a^), for every J,l3,l3' € M. 
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Proof. A direct computation gives 
(3.5a) ia,b,cB^ 



'a.b.c 



(3.5b) 



(■a.b,c ^4 



a,b,c 



B + (74. 



From (|3.12|) we infer that \)o(cfj,) cannot be conjugate to cither [)oo(o'3) or to any of 
the algebras \)^{a^), for any 7 7^ 0. Also, p.l2p yields 

^,o,i(7/ + B)Co,i=7(/ + i?) 
and statement (a) follows. Again, p.l2p yields 

^a.^c(7/ + i?)C.L=7/+^S, 

which shows that none of the algebras f)-y((T3) can possibly be conjugate to any of 
the algebras \)^^p{a^). Finally, from p.l2p and p.l3p we have 

Pa-b 



L,b,c hi + (3B + ai) e~l^^ = 7/ + 



B + (T4, 



whence (b). 



□ 



By the above proposition, the relevant one-dimensional subalgebras of f)(cr3) are 
f)o(CT3), f)i(o-3), [)oo(ct3) and the family {i)^fi{<J3) : 7 e R}. The corresponding 
one-dimensional connected Lie subgroups of H{cr^) are 



i^o(a3) 
^^1(^3) 
^^00(0-3) 

^7,0 (0-3) 



{ 



1 

t 1 



{ 



1 

t 1 



1 
1 

e''* 

e(^+i)* 



t e m} 

: i e K} 
: i e K} 



t e K}, 



7 e 



Next we put 



*o(o-3) = span{/, 0-4} 
^00(^3) = span{/, B} 
[-,(0-3) = span{B,7/- 



7 G 



Proposition 3.12. Up to conjugation by elements in H{a'i), there are no two di- 
mensional Lie subalgebras ofk){<7^) other than those listed above, which are mutually 
not conjugate. 

Proof. We begin by observing that the only non trivial bracket among the elements 
in {/, (74, i?} is of course [0-4,-8] = B. Assume that f) is a two dimensional subalgebra 
of and suppose that \) = spanjATi, with 

Xi — ai<74 + PiB + 71/ 

X2 = Q;20-4 -f- j32B + 72/. 

Evidently, requiring that f) is a Lie algebra is equivalent to asking that 
(3.6) [Xi,X2] - (ai/?2-a2/?i)B 



16 



G. ALBERTI, L. BALLETTI, F. DE MARI, AND E. DE VITO 



belongs to f). If i? G f), then this is obvious. In this case we may suppose that 
Xi = B and consequently X2 = aa^ + 7/. If a = we get loo(c3), otherwise we 
set a — 1 and we get ^(0-3). li B ^ Ij, then p.6p yields {ai/32 — ol2Pi) = 0. This 
means that the vectors aiUi + PiB and q;2CT4 + /32^ arc linearly dependent; hence 
there exists a linear combination \Xi + ^X2 that is equal to /. which we choose 
as basis vector for f) in place, say, of X2. By subtracting off 71/ from Xi, we may 
thus suppose that the other basis vector is Xi = ai(J4 + (5iB. If ai — 0, then we 
get again {(^(fa). Hence we put ai = 1 and obtain that 



for some /3 G 
have 



f) ~ span{/, j3B + 0-4} 
But this is conjugate to Solo's), because by (|3.12|) and (j3.13p we 

;3a- & 



4,fc,c m + ^4) c,6 



6,c 



which can be made equal to (74 because a 7^ 0. 

It remains to be shown that there are no conjugate pairs in the list. This follows 
by inspection, taking into account that the only possibilities are given by (|3.12p 
and ([51^ . □ 

By the above proposition, the relevant two-dimensional subalgebras of I)(cr3) 



are £0(0-3), £00(0-3), and the family {[^(0-3) : 7 G 
dimensional connected Lie subgroups of H{a^) are 



^}. The corresponding two- 



^^0(^73) = { 

Koo[<Jz) = { 

-^7(0-3) = { 

Finally, in this case 







s e 







s,teR} 
s,teM.} 



7 G 



{ 



v/V2 
v/V2 u 



u,v <E 



0- 



Proposition 3.13. The following is a complete list, up to MA- conjugation, of the 
groups in £2 whose normal factor is equal or orthogonal to S3 = spanjcrs}.- 



(S.i) S3 >^ i/"(a3) 
(3.n) S3 X Ho{as) 
(3. Ill) S3 x/fi(a3) 

(3.W) S3 X i?oo(fT3) 

(3.v) S3 X i/^.o(a3), 7 e ] 

S3 X i^o('T3) 

(3.vii) S3 X 7^00(^3) 
('^.mw; S3 X £^(0-3), 7 G 



f5.ia;; S^ X *H^{az) 
(3.x) S^ X *i/o(a3) 
(3.xi) S^ X *iri(a3) 
S^ X 'H^ia^) 



(S.xiii) S^ X i?-^_o(o-3), 7 G 



("5.2:1^; S^ X ^5:0(0-3) 
(3.xv) S^ 
(3.xvi) S 



X *ifoo(0-3) 



*L^((T3), 7 G 



3.4. Classification modulo Sp{d,M) of £2- The question we want to answer is: 
when are two groups in £2 conjugate by g G Sp{d,S,)7 We now state the main 
technical lemma, which is a consequence of the Bruhat decomposition. Remember 



SIGNAL ANALYSES IN 2D, PART I. 



17 



that (74 is as in p.4p and T is the group of lower triangular matrices in GL(2,] 
We use the following notation 



Wo 



10 
-1 
10 
10 



Lemma 3.14. Suppose that Ei x Hi, S2 x H2 G £2 are not conjugate modulo MA. 
If g & Sp{d, R), is such that ^(Si x: Hi)g^^ = S2 x H2, then g is of the form 

(3.7) g = g{a', h'y^wog{aoa4, h), 

for some a' G Syni(d,R), h,h' G GL{2,S.), some ao G M. T/iis can on^?/ happen if 
^^[^i] C cri^ 1'^'^ HHih^^ C T. Furthermore Oq ^ onZj/ z/ 

/li/i/^-i C {[^0] :a>0,^G]R}. 



The proof of Lemnia r3.14l is based on the Bruhat decomposition of 15^(2, R), that 
expresses 5*^(2, R) as the disjoint union 

S'p(2,R)= y PwP 

of the double cosets PwP of the minimal parabolic group P, parametrized by the 
elements in the Weyl group W. More precisely, 



P 



i 



' eT, ae Sym(d, ] 



and, with slight abuse of notation, a representative of the Weyl group element 
w £ W may be taken in in 5*^(2, R) as a matrix of the form 





's+ 








0' 


w ~ 











TT 



where tt is either I2 or (75, and where S- ~ I2 — 5+, with 5+ one of 



So 



As is well-known, W has 8 elements. Evidently, wo corresponds to 5+ 
TT = /2. Notice that, is a semidirect product and in particular 



"1 


0' 







0' 


, h = 


'l 


0' 


, = 





0' 








, Si = 





1 





1 









So and 



(3.8) 

Also, notice that 



CT5 


0' 




So 


-Si 






0' 




Sl -So 





0-5 




Sl 


So _ 







^5. 




So Sl _ 



CT5 
CT5 



G MA. 



Proof of Lemma \3.14\ First of all, put Gi = Si x iJi, 6*2 = S2 x H2 and, according 
to the Bruhat decomposition, write g 
Therefore 



(3.9) 



P2 wpi with pi,P2 G P and w G W. 
P2G2P2^ = w(j)iGip^'^)w^^ . 



■^Formally, W = N[D)/D where D is the maximal torus in 5p(2,R) consisting of its positive 
diagonal matrices, and N(D) is its normalizer. We arc indicating a set of representatives in N{D). 
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Clearly, Fj := pjGjpJ^ is a subgroup of Q, for j = 1, 2. Also, we can assume that 
the permutation factor tt in w is the identity, because it belongs to MA C Q. By 
the same token, by p.Sp . we can suppose that S+ =/= si. Our assumption is thus 

F2 = wFiw^^ . 

The proof now proceeds by inspecting the three remaining cases for w. 

Suppose w ~ — J, that is = 0. Upon writing Fi — (S, H, r) and taking any 
element with h = I2 (z H , a straightforward computation gives 



-J 



h 
a 







J 



h 




in contradiction with F2 C Q unless <t = 0. In this case, though, Gi ^ £2- Hence 
we may exclude w — — J. 

Next, suppose w =^ I4, that is S+ = l2- Going back to p.9p . we have then 
G2 — pGip~^ for some p G P. But this yields p G MA, against the hypothesis. 

Finally, suppose w = wq, namely 5*+ = so. The conjugation gdg^^ = G2 can 
be formally written as in p.9p . with the understanding that under the assumption 
w = wq we might have to absorb into pi a permutation term tt coming from the 
Weyl group. We factor 



Pi 



"1 











"1 












1 











1 






c 


b 


1 













1 





h 








1 







a 





1 



h 







.9(6(75 + ccTs, 72)5(0(74, h). 



As already observed, we cannot assume that h e T. Now, it is easy to check that 





(3.10) 



wog{b(T5 + ca3,l2)wg 



1 

-b 
c 




e Q. 



Therefore, we have 
P2G2P2^ = w{piGip^'^)w'^ 

= [wog(fo(75 + c(73, 12)^0 ^]wog(acr4, h)Gig{aa4, hy^w^^[wog{ba5 + cas, l2)wg'^]^'^ 

and by p.lO[) we can absorb the term in square brackets into P2 & Q- This proves 
p.7|) . because p2 ~ .9(f', h') and pi ~ g(aQa^, h) for some oq G M. 

So far we thus have that (|3.7p holds with P2 Q, w — wq and pi = 9(00174, /i). 
Looking at the right hand side of this version of p.7p , we observe that 

PiGip^' = (I]',i/',Ti) = G' 

where h^^i] = S', i/' = hHih-^ and, by RemarkESl 

ri(/i') = flo (0-4 - /i'"'^[o-4]) 

We start by writing the elements in G' as 

ffri(o-',/i') 



h' e i/'. 



"/2 




h 




'h' 


a' I2 




Tl{h') I2 








and then we study the effect of conjugation by wq- Wc thus parametrize 

b 



h' = 



a 7 
13 d 
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where we must interpret a{a'),b{a'), c{a') and similarly a{h'), (3{h'),'^{h'),S{h'). 
Computing, we see that 



W'0.9ri(o-',/2)?i'o 



1 

-b 
c 






—a 
b 
1 



is in Q if and only if a 
S' = C erf. Next 



a{a') = as a function on S'. This is formulated by 



wogri(0, h')w„ ^ 



with 

X = soh'si — siTi{h')h' si — si/i'^so- 
Now, only the first summand has a nonzero entry in the uppcr-lcft corner, and it 
is equal to 7. Therefore j ~ j{h') = s a. function on H' . This is hHih~^ C T. 
Similarly, only the second summand has a nonzero entry in the lower-left corner. 
Since Ti{h') = ao(<T4 — /i't[(T4]), we have 

"0 fi/aS 



(3.11) 



Ti{h')h' ~ a^iaih' — h''^<JA) = ag 



/3 5-1/S 



whose lower-right corner is ao{S — 1/S). Therefore, cq can be different from zero 
only if the continuous function S is 5{h') = ±1. However, we are working with 
connected groups, hence S — 1 and so H' ~ hHih~^ Q {[fjV\ :a>0,/3s R}. □ 

Remark 3.1. The last statement of Lemma l3.14l has a consequence for the classifica- 
tion problem. Fix G = I^x H € £, say for example one among the canonical groups 
determined in the previous section. If G is conjugate to some other group via an 
element not in MA, then there must exist h G GL(2,IR) such that h^T,] C erf and 
hHh~^ C T. The first of these conditions forces the determinant of all elements in 
S to be less than or equal to zero. Therefore, remembering p.ip . only the following 
cases can be considered: 

(a) if n 1, then either E = E2 or S = E3; 

(b) if n = 2, then E = Ef . 

Remark 3.2. Lemma 13.141 mav be formulated in a different way. Given G £ £, if 
there exists g ^ MA such that gGg~^ G £, then there must exist ho E GL(2,M) 
such that 

(3.12) G = ,9(0, ho)-\j:, H, T)g{0, ho) 

with E C af , H QT and t(/i) = ao(o"4 — /i^[(T4]), hence t £ T (see Remark l2.5p . 
In this case there exists t' G T such that 

(3.13) woiT., H, t)wo^ = (E', H' , t'). 

The next lemma shows that if p.l2|) and p.l3|) hold for some ho, then they also 
hold for tho, for all t eT. This will be used to put {Y.,H,t) in canonical form. 

Lemma 3.15. Suppose that E C af , H C T and T{h) — ao{(Ji — /i^[cr4]) are such 
that (j3.13p holds with t' £ T , for some symmetric tq. Then for all t € T there 
exists t" G T such that 

wogiO,t)i^,H,T)g{0,t)-'w^' = (E",i/",T"). 
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Proof. We parametrize the lower triangular matrices in T by 
(3.14) t = 

Then 



13 5 



"0 


p 




'a " 


p 





7 






= 9 



and so g'iE',H',T')g' 



1-1 



(E",i?",r"), where 

t 



H" 





■ 

5-1 





5-1 



"0 13' 




'a ■ 


P 0. 


+ 


5-1 



\r']- 



In the last line we have identified t' ,t" £ T with the corresponding symmetric 
matrices. □ 

Wc apply the above lemmata to our classification problem as follows. Take any 
group G in canonical form. If there exists g ^ MA that conjugates G to another 
group in the class £, then, by Lemma 13.141 there exists h € MA that maps the 
vector part S inside . By Lemma 13.151 we know that any other ht € MA can 
be used for this purpose, with t £ T, and hence we can reduce the analysis to 
three possible cases: ct^ itself if S is bidimensional, and two cases if n = 1, as the 
following proposition clarifies. 

Proposition 3.16. Suppose that Y, is a one dimensional vector suhspace of . 
Then there exists t & T such that t^ [E] is generated by: 
(i) (T5 if the signature is (1,1,0), and Hla^) D T are the diagonal matrices in 
GL(2,R); 

(a) (T3 if the signature is (1,0, 1), and H[az) = T. 



Proof. Denote by 



c h 
b 



the generator of S and parametrize as in ((3?T4)) the elements in T. Then 



{cS -2bal3)/a^S b/aS 
b/aS 



□ 



If 5 = we get case (ii), otherwise we put & = 1 and wc get (i). 

Next we perform the conjugation by wq, as in p.l3p . under the necessary condi- 
tions on E and H that must be satisfied, but without assuming that the conjugation 
produces a group in so that for the resulting triple (E',i/',r') we don't know 
that t' G T. We start by computing E' and H' . 

Lemma 3.17. Take E C , H <Z T and T{h) = ao{a4 — /i^[(T4]) such that 
WqCS, H,t)wq C Q and parametrize 



c(a) bia) 
b{a) 



e E, 



a{h) 
I3{h)a{h) 5{h) 



e H. 
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(3.16) 



Then (S', H' , r') := wo(S, H, t)wq ^ is as follows: S' consists of all the matrices 

as (7r(o', /i) varies in the subset of (S, iJ, r) whose elements have the form 

c((t) -aol3{h) 
-aoP{h) 

f/ie group H' consists of all the matrices 

a{h) 





1 0" 


h ^ 


-m 1 



(3.17) 



h' 







as grify, h) varies freely in (E, H, t), and r' is not necessaril^ in T ■ 
Proof. With our notation, but omitting the various dependencies, we have 



and hence 



ffr(CT,/l) 



a 













/3a 


5 










(c + 




bS + aoPS-^ 








{b + aa(3)a 


ao(<5-<5-i) 





5-1 








a 








-1 


-{b 


+ ao/?)a 





ao(5 - 


(5- 


~ 




f bl3)a f3S~^ 




6(5 + ao/35 






Pa 





(5 





(3.18) 



Rember that the hypothesis wa{Y,^H^T)w'f^^ C Q, hence of the form {Y,' , H' ,t'), is 
equivalent to requiring that ao((5 — (J-^) = (see the proof of Lemma [3.14^ . The 
upper- left 2x2 block is as in p.l7p . and by setting it to be equal to /2, the lower-left 
2x2 block is p.lSp . and this happens if and only if .gr(f, h) is as in p.l6p . □ 

Remark 3.3. Observe that case (i) of Proposition 13.161 is ruled out from our clas- 
sification problem by the above lemma. Indeed, in that case, c(cr) = and h is 
diagonal, so the group elements satisfying p.l6|) have P{h) = 0, whence a' = 0. 

Remark 3.4. In both the remaining two cases (E = E3 and E = <yi)^ we can always 
take I3{h) = and c(ct) = 1 in p.l6p . Therefore we always obtain that (T3 G E'. As 
a result, the only canonical groups that are possibly conjugate to other groups in 
the class S are those listed in Proposition 13.131 because ac^Yijra^ ~ a 



4 • 



Finally, we complete the picture drawn in Lemma 13.171 



Lemma 3.18. Hypotheses and notation as in Lemma \3. 17[ with either E = E3 or 
E = CT^. For every pair of real numbers a' , b' define the function 

(3.19) *(o-, h) = I3{h) - 6' (1 - S{h)a{h)-^) + a' {aal3{h) + 6(cr)) 6{hf. 

Then t' Cz T if and only if there exist a', b' such that for all h ^ H and all a € T, 



(3.20) 



a'{l-S^{h))^0, 



1 



In this case, the symmetric matrix associated to r' is 



e H, ao*(cr, /i)cr5 e S. 



b'' 
b' a' 



^See the following Lemma 13.181 for further information on r'. 
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Proof. Look at p.lSp . The lower- left 2x2 block factors as 



c(a) + 26(a)/3(/i) + ao/?(/i)2 p{hj 
I3{h) 



a{h) 
-{b{a)+aoP{h))aih) 5{h)-^ 



where the second is evidently h'{a^h). Now, t' e T if and only if the first factor, 
that we denote by w(cr, h), satisfies 

(3.21) oj{a,h) ~ t' {h' {(T,h)) = uj{a,h) - {t' ~ h' {a,h)'^[T']) e S' 

for some symmetric (constant) matrix r'. For any such 

c' b' 
b' a' 

a direct computation gives that h'{(j, h^lr'] is equal to 

c'a-2 + 26'a-M (ao/3 + b) + a'S^ (ao/3 + bf S [b'a-^ + a'S (ao/3 + b)] 
S[b'a-^ +a'S{aoP + b)] a'S^ 

Now, the lower-right entry of u}{a, h) — (t' — h'{a, /i)^[t']) is a' (5^ — 1), and must van- 
ish. This is the first of (jX^ . The upper-right entry of uj{a, h) - {t' - h'{a, [r'] ) 
is precisely ^{a,h). As we have already observed, e S'. Therefore p.2ip holds 
true if and only if \E'(tT, /i)(T5 G E'. By Lemma [3.171 this occurs if and only if the 
remaining two conditions in p.20[) are satisfied. □ 

Remark 3.5. Notice that if there exists h G H such that S{h) ^ 1 then both ao and 
a! = 0. 



Remark 3.6. Lemma 13.181 expresses necessary and sufficient conditions for the con- 
jugation via wq to send a group (E, H, r) with r G T, in a group of the same kind. 
The image group, however, is determined in Lemma 13.171 



Remark 3.7. Notice that if we choose a' = b' ^ 0, and ao = 0, then (|3.20[) is 
satisfied if and only if for every h G H 

m ij ^ 

In this case, r = r' = and conjugation by wq sends the group T, xi H E £ into 
another group in £, namely x H' . 

We are in a position to apply these results to our classification problem. We 
take a group G G £" in canonical form and we want to know if it is conjugate to 
another such, or not. By Lemma I3.14[ we must find g G MA (and Lemma 13.151 
tells us that any such choice is legitimate) such that gGg^^ = S x if, where either 
E = E3 or E = (T^, by Remark 13.31 Hence it is enough to consider the groups in 
the list of Proposition 13.131 At this point we look at H and check whether there 
are entries S{h) ^ 1, in which case the condition ao(l — S[hf) = forces ao = 
and the first of (|3.20p forces a' = 0. If not, we must allow for ao 7^ and a' 7^ 0. 
Next we verify if the various conditions in p.20p are satisfied for some a', 6'. In 
this case, we know that i(;o(E, i/, t)wq"^ = (E',i/',r') with both r, r' G T, which 
is equivalent to saying that E x: _ff is conjugate to a E' x W yet to be determined. 
Finally, using Lemma 13.171 we find all the elements of the form (|3.16|) and thus 
compute E' and H' by means of (|3.15p and (|3.17p . respectively. The last step is to 
identify the MA-canonical form of E' x i/'. 
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We now apply the above procedure to the groups in the hst of Proposition 13. 131 
With slight abuse of notation, we write in place of g{0, a^) and we write Gi ~ G2 
to mean that they are conjugate. Recall that a^Ti^a^^ = a^. 

(3.i) and (S.xiv). E3 xi - x /■i:o(cr3). 
(i) There is h £ H such that 5{h) 7^ 1, hence qq = a' = 0; 

(u) with the choice r' = 0, '4'(cr, [pa°s]) = P with /3 G R and ?] G i/, hence 

p.20p are satisfied; 
(in) E' = ai, H' = ^0(^3) and a^^ai x Ko[az))a^^ = E^- x /!:o((T3). 
(3.ii). E3 XI Ho{(Ts) has only (not trivial) M^-conjugations. 

(i) If flo = 0, then H' = {I2} since a{h) — j3{h) — 1 and &(cr) = 0; hence and 
E' XI 1/2} = E' can not be conjugate to an element of the class £ with q E Q; 

(ii) if ao 7^ 0, then E' = E3 and H' = H^[az). 

(S.iii). E3 XI Hi{(7z) has only Af A-conjugations. 

(i) There is h G H such that 5{h) ^ 1. hence ag = a' = 0. 

(ii) *(ct, [j^Jt ° ]) = t with < e K, but [1 5] ^ if t 7^ 0, hence ([3:201) are not 
satisfied. 

(3.iv) and (3.v) with 7 = -i. E3 x ^00(^x3) - E3 x H_i „{a3). 

(i) There is h £ H such that (5(/i) 7^ 1. hence oq = a' = 0; 

(ii) with the choice r' = 0, ^'(cr, ['^^ °t ]) = 0, hence (j3.20p are trivially satisfied; 

(iii) E' = E3 and H' = {[«;; ] : t ^ R} = H_ 1,0(^3). 

(3.v) with 7 7^ -i: E3 X H^fiias) - E3 x i/__i_,o(CT3). 

(i) There is h E H such that (5(/i) 7^ 1. hence gq = a' = 0; 

(ii) with the choice r' = 0, ^'((7, ['^^* (-7+1)*]) = 0, hence p.20p are trivially satis- 
fied; 

(iii) E' = E3 and H' = {[<=^^' ] : t e K} = if__^,o(^3). 
(3.vi). E3 X KQ{a3) has only MA (not trivial) conjugations. 

(i) There is h E H such that S{h) 7^ 1, hence uq = a' = 0; 

(ii) with the choice t' = 0, ^'((7, ['^ ^''^ ]) ~ 0, hence (|3.20p are trivially satisfied; 
(in) E' = E3 and H' = ^^0(0-3), so that ^0(^3 x Ko{a3))wQ^ = E3 x Ko^a^). 
(3.vii) and (3.xiii) with 7 = -i. E3 x A'oo(o'3) ~ E^]- x 1 (,((73). 

(i) There is h E H such that (S(ft,) 7^ 1, hence oq = a' = 0; 

(n) with the choice r' = 0, *(cr, [ j'Jt °t]) s with s G K and e iJ, hence 
(|3.20p are satisfied; 

(iii) E' = (jf , H' = {[^^ Jl,]:tER} and a^i^i x i/O^^s"' = x i7_i,o((73). 

(3.viii) with 7 7^ — i and (3.xiii) with 7 7^ — i, (3.viii) with 7 = — i 

and (3.xii). If 7 7^ -5, then E3 x L^(ct3) ~ E^j- x H ~,+i ^{as); if 7 = — i, 

27 + 1 ' 

then E3 X L_i/2(cr3) E^ x Hooicrs)- 

(i) If 7 7^ —1, there is h E H such that (5(/i) 7^ 1. hence = a' = 0; if 7 = 1, we 

choose ao = (see [iv| ; 
(u) with the choice r' 0, ^'(fj, [ j;^*, ^(-,+1)*]) = « with s G M and [ J e i/, 

hence p.20p are satisfied; 
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(iii) S' = ai, H' = {[""^ : t e K} and H')a^^ = S,^ >^ 
i^_^,o(<^3) if 7 7^ -1/2 and a^^iai xi H')a^^ = S^- x ^00(^3) if 7 = -1/2; 

(iv) if 7 = — 1 and oq 7^ 0, choose 6' = and a' = —0(7^ so that ^'((7, /i) = 0, but 
E' = E3 and H' = L_i so that wq{Yi^ x L_i((T3))u)q"^ = S3 x L_i((T3). 

(3.ix). X *i/°((T3) has only (not trivial) il/^-conjugations. 

(i) alH\a^)a^'=T^, 

(ii) S' = ai and H' = T". 

(3.x). E;^ X *i7o(o'3) has only (not trivial) AfA-conjugations. 

(i) alHo{<J3)a^' - Ho{<Js); 

(ii) S' = and H' = Hoias). 

(3.xi). X *'Hi{(T^) has only Af ^-conjugations. 

(i) fT*Hi(a3)a^i = i/i(fT3); 

(ii) There is h E H such that (5(/i) ^ 1. hence gq = a' = 0; 

(iii) '^{<J,[t^t °t]) = t with t e M, but [1 0] ^ iJ if t 7^ 0, hence (j?:^ are not 
satisfied. 

(3.xii) and (3.viii) with 7 = — i. See above. 

(3.xiii) with 77^—-^ and (S.viii) with 7 7^ — i. See above. 

(3.xiv) and (3.i). See above. 

(3.xv) and (S.xvi) with 7 = -i. E^ x *A'oo(cr3) - E^ x *L_i ((73) 

(i) (T5^iroo(o-3)cr5"^ = A'oo((73); 

(ii) There is h G H such that S{h) 7^ 1. hence oq = a' = 0; 

(iii) with the choice r' = 0, *((t, [ ^^^'t °]) = s with s e K and [] e H, hence 
p.20p are satisfied; 

(iv) E' = erf, iJ' = {[f^, Jl,]:teR} and cr5(crf x H')(7^^ = Ef x *L_i(cr3). 
(3.xvi) with 7 ^ -i. Ef X *L^(a3) - E^ x *L__^(a3) 

(i) a*L^(a3)a5-i = {[;™, : e R} = L-(^+i)(a3); 

(ii) with the choice r' = 0, ^{cr, [ °t]) = s with s G M and [i e ff, 
hence p.20p are satisfied; 

(iii) E' = ai, H' = {[fj^^Z J-,, ]:t,seR} and, since 7 ^ -1/2, 

a.H'a^' = : M e M} = 'L_^{a,). 

This proves Theorem ll.fi 



4. Notation and symbols 

We shall use the following non standard notation. The letters g, h are to be 
regarded as invertible matrices and cr as a symmetric matrix. 

igih) ^ ghg^^ 
9^[a] ^ 'g-^og-\ 
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If G is Lie group, the connected component of the identity wih be denoted . We 
consider the symmetric matrices 



(Tl = 



1— ' 


0' 




■f ■ 




'l 


0' 







0' 







1" 





1 


, 0-2 = 


-1 


, 0-3 = 








, CT4 = 





1 


, 0-5 = 


1 






For i = 1, 2, 3 we write = spanjcTi}. Their orthogonal complements are 



{ 



u 


V 


V 




u 


V 


V 


u 





V 


V 


u 



w, w G M} = span{cr2, CTs}, 
, w e K} ~ spanjcTi, 0-5}, 
= span{cr4, 0-5}. 



,w e R} 



For i e M we set 



Rt 



cos t sin t 
— sin t cos t 



At 



cosh t sinh t 
sinh t cosh t 



The notation relative to the Lie subgroups of GL(2,M) is as follows: 
SO{2) = : t e M} 
5'0°(1,1) = {At : t e M} 
T^{[ll]:aAc(.^. ac^Q] 
H°{ai) = SO{2) X R+ 
J?oo(ai) = 50(2) 

-ffa(cri) = {e*i?„t : t e R}, aSM 

ijo^^^j ^ S'0°(1,1) X R+ 

i?oo(^2) =500(1,1) 

i?a(o-2) = {e*A„t : t G M}, aeR 

i?°(a3) = TO 

Ho{a,) = {[]'i]:teR} 

t e M} 



i?oo(a3) = {e*rio 



-ff7.o(o'3) = { 



LO 1- 
e^* 
e'^+i)' 



t e M}, 



^^^0(^3) = {['0'°=] :s,teR} 
i^oo (as) = 0.] :s,ieM} 



7 e 



7 e 
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